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a b s t r a c t
By virtue of the Belyi Theoreman algebraic curve can be defined over the algebraic numbers
if and only if the corresponding Riemann surface can be uniformized by a subgroup of a
Fuchsian triangle group. Such surfaces are known as Belyi surfaces and an important class
of them consists of Riemann surfaces having the so-called large group of automorphisms.
Necessary and sufficient algebraic conditions for these surfaces to be symmetricwere found
by Singerman in the middle of the seventies and, by a recent result of Köck and Singerman,
the algebraic numbers above can be chosen to be real if and only if the respective surface is
symmetric. The aim of this paper is to give, in similar terms, the formulas for the number of
ovals of the corresponding symmetries, which we refer to as the Singerman symmetries.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
It iswell known that there is a natural equivalence between compact Riemann surfaces and smooth projective irreducible
complex algebraic curves. Under this correspondence, the fact that a Riemann surface X admits an antiholomorphic
involution (symmetry) means that the corresponding curve can be defined over the reals and symmetries non-conjugate
in the group Aut±(X) of all holomorphic and antiholomorphic automorphisms correspond to the real curves which are non-
isomorphic over the reals but which have the same complexifications. Now, by virtue of the famous Belyi Theorem [1], a
curve can be defined over the algebraic numbers if and only if the corresponding Riemann surface can be uniformized by
a subgroup Γ of a Fuchsian triangle group ∆. In general, the symmetricity of a Riemann surface strongly depends on its
conformal structure. This is, however, not the case if X has the so-called large group of automorphisms, which itself gives
strong restrictions on its holomorphic structure. By the recently given Singerman–Köck theorem [8] (see also [9] for a more
explicit statement), the algebraic numbers, for a Riemann surface X uniformized by a Fuchsian surface group Γ with a large
group of conformal automorphisms ∆/Γ , can be chosen to be real if and only if this surface is symmetric, which in turn
means that Γ is a normal subgroup of an NEC group Λ containing ∆ as a subgroup of index 2. In 1974, Singerman found
necessary and sufficient conditions for X to be symmetric and the aim of this paper is to give the formulas for the number of
ovals of corresponding symmetries in terms of the groupof holomorphic automorphismsAut+(X) and the topological type of
the action, which actually corresponds to pure algebra. These results have never been published in such generality, though
their prototypes have been applied in [3,4], where we studied symmetry types of Accola–Maclachlan–Kulkarni Riemann
surfaces and Riemann surfaces with PSL(2, q) groups as Hurwitz groups of automorphisms.
2. Preliminaries
As in [2], we shall use combinatorial methods based on the Riemann uniformization theorem and on a theory of Fuchsian
and NEC groups. Following them, a compact Riemann surface X of genus g ≥ 2 can be represented as the orbit spaceH/Γ of
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the hyperbolic planeH , with respect to the action of some Fuchsian surface group being a discrete and cocompact subgroup
of the group of isometries ofH , isomorphic to the fundamental group of the surface. Furthermore, the group of holomorphic
automorphisms of the surface given in such a way can be represented as the factor group G = ∆/Γ for some other Fuchsian
group∆. Thus we can write down the faithful action of a finite group G as a group of automorphisms of a Riemann surface
X of genus g ≥ 2 as a smooth epimorphism θ : ∆ → G, which means that its kernel Γ is torsion free or, equivalently, θ
preserves the orders of the canonical elliptic generators of ∆. Finally, two epimorphisms θ : ∆→ G and θ ′ : ∆′ → G′ are
said to define topologically equivalent actions if the diagram
∆
ϕ / ∆′
G
ψ /

θ
G′

θ ′
commutes for some isomorphisms ϕ : ∆→ ∆′, ψ : G→ G′. We shall see that our results depend only on the topological
type of the action.
However, when we consider antiholomorphic automorphisms, then more general, so-called non-euclidean crystallo-
graphic groups (NEC groups for short) are involved. Such groups are the discrete and cocompact subgroups of the group
of isometries G of the hyperbolic plane, including those reversing orientation. Using fundamental domains, Macbeath [10]
associated with every NEC groupΛ a so-called signature, which determines its presentation in terms of generators and re-
lators. We shall not present it in full generality since it is rather involved and, moreover, we shall deal only with NEC groups
with special signatures (0;+; [−]; {(k, l,m)}) and (0;+; [k]; {(l)}), which have the presentations
〈c0, c1, c2|c20 , c21 , c22 , (c0c1)k, (c1c2)l, (c0c2)m〉
and
〈c0, c1, x, e|xk, c20 , c21 , (c0c1)l, e−1c0ec1, xe〉
respectively.
Let us recall the important fact that the canonical Fuchsian subgroups of these groups are the Fuchsian triangle groups
with signatures
(0; k, l,m) and (0; k, k, l) (1)
respectively.
Finally, the aforementioned surfaces with the large groups of automorphisms are exactly the ones determined by smooth
epimorphisms θ : ∆→ G for some Fuchsian triangle group∆, say with signature (0; k, l,m). Hence, since the Teichmüller
dimension of a Fuchsian triangle group is zero, the corresponding surfaces are determined by pairs of generators of G having
orders k and l, whose product has orderm.
3. Centralizers of reflections and ovals of symmetries at large
We start this section by showing a general method of computing the number of ovals of a symmetry of a Riemann surface
X , when an epimorphism θ˜ : Λ→ G˜ defining the full group of holomorphic and antiholomorphic automorphisms is given.
Namely, for C(G, g) being the centralizer of g in Gwe have
Theorem 3.1 ([6]). A symmetry σ of a Riemann surface X having fixed points is conjugate to θ˜ (ci) for some canonical reflection
ci of Λ and it has∑[
C(G˜, θ˜ (c)) : θ˜ (C(Λ, c))]
ovals, where c runs over non-conjugate canonical reflections of Λ, whose images under θ˜ are conjugate in G˜ to σ .
The algebraic type of the centralizers of reflections, that appear in the above theorem was found by Singerman in his
thesis [12] (see also the more available [13]). However, what made the above theorem effective is the fact that by going a
bit more into the details in the Singerman’s papers, one can find explicit generators for these groups (e.g. [5,7]).
Lemma 3.2. Let Λ be an NEC group with signature (0;+; [−]; {(k′, l′,m′)}) and let c0, c1, c2 be a system of its canonical
reflections. Then, according to the parity of k′, l′, m′, the following conditions hold:
(i) for k′ = 2k, l′ = 2l, m′ = 2mwe have
C(Λ, c0) = 〈c0〉 ⊕
(〈(c0c1)k〉 ∗ 〈(c0c2)m〉) ,
C(Λ, c1) = 〈c1〉 ⊕
(〈(c0c1)k〉 ∗ 〈(c1c2)l〉) ,
C(Λ, c2) = 〈c2〉 ⊕
(〈(c0c2)m〉 ∗ 〈(c1c2)l〉) ,
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(ii) for k′ = 2k, l′ = 2l, m′ = 2m+ 1 we have c0 ∼ c2 and
C(Λ, c0) = 〈c0〉 ⊕
(〈(c0c1)k〉 ∗ 〈(c2c0)m(c2c1)l(c0c2)m〉) ,
C(Λ, c1) = 〈c1〉 ⊕
(〈(c0c1)k〉 ∗ 〈(c1c2)l〉) ,
(iii) for k′ = 2k, l′ = 2l+ 1,m′ = 2m+ 1 we have c0 ∼ c1 ∼ c2 and
C(Λ, c0) = 〈c0〉 ⊕
(〈(c0c1)k〉 ∗ 〈(c2c0)m(c1c2)l(c1c0)k(c2c1)l(c0c2)m〉) ,
(iv) for k′ = 2k+ 1, l′ = 2l+ 1, m′ = 2m+ 1 we have c0 ∼ c1 ∼ c2 and
C(Λ, c0) = 〈c0〉 ⊕
(〈(c2c0)m(c1c2)l(c0c1)k〉) . 
Proof. Observe that the inclusions⊇ are obvious: one has to show that certain elements belong to the centralizers, which
is a straightforward task. So we have to show that the inverse inclusions hold. Consider for example i = 1 in the first case.
Let γ0, γ1, γ2 be the edges of a canonical fundamental domain F for Λ corresponding to reflections c0, c1, c2. Let ` be the
hyperbolic line containing γ1. Then for λ ∈ Λ, λc1λ−1 is a reflection with axis λ(`). Hence λ centralizes c1 if and only if
λ(`) = `, which is equivalent to the fact that λ(F) is adjacent to `. Let |γ1| be the hyperbolic length of γ1. Then (c0c1)k(c1c2)l
is a translation along ` with length 2|γ1|, since it is the composition of two half-turns with respect to the ends of γ1. Now,
by composing a certain power of (c0c1)k(c1c2)l with c1(c1c2)l we can produce an element λ ∈ Λ such that λ(F) can be an
arbitrary face adjacent to ` and lying on the same side of ` as F , while by composing the latter with c1 we can produce an
element λ ∈ Λ such that λ(F) can be an arbitrary face adjacent to ` and lying on the other side of ` as F , which proves our
assertion. We omit details concerning the remaining cases, as they can be proved in the same way by showing that each
copy of a fundamental domain adjacent to the axis of the reflection examined equals λ(F) for some λ which is an element
of the group on the right hand side. 
Similarly one can prove the following
Lemma 3.3. Let Λ be an NEC group with signature (0;+; [k]; {(m)}) and let x, e, c0, c1 be a system of its canonical generators.
Then
C(Λ, c0) =
{〈c0〉 ⊕ (〈(c0c1)m/2〉 ∗ 〈e(c0c1)m/2e−1〉) if m is even,
〈c0〉 ⊕
(〈e(c0c1)(m−1)/2〉) if m is odd. 
Now we recall the aforementioned theorem of Singerman, concerning symmetricity of Riemann surfaces with large
groups of automorphisms.
Theorem 3.4 ([13]). Let X be a Riemann surface, with a large group G as the full group of holomorphic automorphisms,
corresponding to a generating pair (a, b), where a, b and ab have orders k, l and m respectively. Then X is symmetric if and
only if the mapping ϕ(a) = a−1, ϕ(b) = b−1 or ϕ(a) = b−1, ϕ(b) = a−1 induces an automorphism of G.
Proof. We supply a proof for two reasons. First of all, we shall use it throughout and secondly, there is a harmless gap in
the original proof of Singerman. Let X = H/Γ and G = ∆/Γ = Aut+(X) for a Fuchsian group∆with signature (0; k, l,m).
If X is symmetric, then there is an NEC group Λ containing ∆ as a subgroup of index 2 and Γ as a normal subgroup with
G˜ = Λ/Γ ∼= Aut±(X).
Now if k, l,m are distinct, then Λ has signature (0;+; [−]; {(k, l,m)}), while if two periods of ∆ are equal, say k = l,
then in addition, by (1), Λ may have signature (0;+; [k]; {(m)}). Assume first that Λ has a signature of the first form and
c0, c1, c2 is a system of its canonical reflections. Then it is easy to check that
x1 = c0c1, x2 = c1c2, x3 = c2c0 (2)
is a system of canonical generators forΛ+. Now
c1x1c1 = x−11 and c1x2c1 = x−12 . (3)
Thus for a = x˜1, b = x˜2, v = c˜1 ∈ Λ/Γ we have av = a−1, bv = b−1 and indeed a 7→ a−1, b 7→ b−1 induces an
automorphism of G. Observe that G˜ = Λ/Γ is a semidirect product G o Z2.
Let nowΛ have signature (0;+; [k]; {(m)}) and let x, e, c0, c1 be the system of its canonical generators. Then it is easy to
check that
x1 = x, x2 = c0x−1c0, x3 = c0c1 (4)
can be chosen as a system of canonical generators for∆. Again it is not difficult to see that
c0x1c0 = x−12 and c0x2c0 = x−11 (5)
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and so for a = x˜1, b = x˜2, v = c˜0 ∈ Λ/Γ we have av = b−1, bv = a−1 and therefore the assignment a 7→ b−1, b 7→ a−1
induces an automorphism of G.
Conversely, let us suppose first that a 7→ a−1, b 7→ b−1 induces an automorphism of G. Since the dimension d(∆) of the
Teichmüller space of∆ is zero and d(Λ) = 2d(Λ+), there exists an NEC groupΛwith signature (k, l,m), containing∆. Now
w = w(a, b) = 1 if and only ifw(x1, x2) ∈ Γ and similarlyw(a−1, b−1) = 1 if and only ifw = w(x−11 , x−12 ) ∈ Γ . So as a 7→
a−1, b 7→ b−1 induces an automorphism of G, we see by (3) that for w = w(x1, x2) ∈ Γ , c1w(x1, x2)c1 = w(x−11 , x−12 ) ∈ Γ .
Therefore Γ is normal inΛ; the image σ of c1 inΛ/Γ can be chosen as a symmetry of X .
Finally, assume that a 7→ b−1, b 7→ a−1 induces an automorphism of G. Then k = l and there exists an NEC group
Λ with signature (0;+; [k]; {(m)}), containing ∆ as a subgroup of index 2. Here also w = w(x1, x2) ∈ Γ if and only if
w(x−12 , x
−1
1 ) ∈ Γ . Thus using (5), we see that c0w(x1, x2)c0 = w(x−12 , x−11 ) ∈ Γ for arbitrary w ∈ Γ and therefore Γ is a
normal subgroup ofΛ. SoH/Γ is symmetric; in this case the image τ of c0 inΛ/Γ can be chosen as a symmetry of X . 
Remark 3.5. It follows at once from (2) and (4) that for a symmetric Riemann surface X with G = 〈a, b〉 = Aut+(X),
Aut±(X) = GoZ2 = 〈a, b〉o 〈t〉, where t acts as an automorphism given in the theorem. Furthermore, forΛwith signature
(0;+; [−]; {(k, l,m)}), θ : Λ → G o Z2 is defined by θ(e) = 1, θ(c0) = at, θ(c1) = t, θ(c2) = tb whilst for Λ with
signature (0;+; [k]; {(m)}), θ(x) = a−1, θ(e) = a, θ(c0) = t, θ(c1) = t(ab)−1.
4. Ovals of Singerman symmetries of Belyi surfaces
Nowwe shall deal with symmetric Riemann surfaces having large groups of automorphisms. Such surfaces correspond to
generating pairs of finite groups and we shall refer to them as symmetric surfaces of the first or of the second type according
to the automorphisms ϕ in Theorem 3.4 being of the first or of the second type respectively. We shall find general formulas
for the number of ovals of symmetries of such surfaces. According to Theorem 3.1 and Lemma 3.2, we shall divide our study
depending on the parity of k, l andm.
For the sake of simplicity we introduce the following technical notions. Given an automorphism ϕ of G, two elements x,
y ∈ G are said to be ϕ-conjugate (x∼ϕ y) if x = wyϕ(w)−1 for some w ∈ G. Observe that for ϕ = 1 this coincides with the
ordinary notion of conjugacy∼. Recall also that the isotropy group of ϕ is the subgroup consisting of all elements ofG fixed by
ϕ. Finally, given an element g ∈ G denote by ϕg and ϕg automorphisms defined by ϕg(x) = gϕ(x)g−1 and ϕg(x) = ϕ(gxg−1)
respectively. Let us mention here that the above notion of ϕ-conjugacy, used in the paper as a technical tool for stating our
results, had already been introduced, by Reidemeister [11] in 1936. For an element g ∈ G let |g| denote its order.
Theorem 4.1. Let X be a symmetric Riemann surface of the first type corresponding to a group G generated by a pair (a, b) of
elements of order k′ and l′ whose product has order m′, where l′ = 2l + 1 and m′ = 2m + 1. Then X has at most two types of
symmetries: one without ovals and one with N/M ovals, where N is the order of the isotropy group of ϕ and
M = 2 ∣∣(ak(ab)−mblakb−l(ab)m)∣∣ or M = ∣∣((ab)−mblak)∣∣
according to k′ = 2k or k′ = 2k + 1 respectively. The symmetry with ovals always exists whilst the fixed-point free symmetry
exists if and only if there is an element x ∈ G such that ϕ(x) = x−1 and x is not ϕ-conjugate to 1.
Proof. Let X = H/Γ . Then G = Aut+(X) = ∆/Γ , where∆ is a Fuchsian group with signature (0; k′, l′,m′). By the proof of
Theorem 3.4, there exists an NEC groupΛwith signature (0;+; [−]; {(k′, l′,m′)}), containing∆ andΓ as normal subgroups
and G˜ = Aut±(X) = Λ/Γ . Now, by Remark 3.5, Γ is the kernel of an epimorphism θ : Λ → G˜ = G o Z2 = 〈a, b〉 o 〈t〉
given by θ(c0) = at , θ(c1) = t , θ(c2) = tb. A symmetry σ of X is an involution in G˜ \ G. Let σ = d˜ for some d ∈ Λ \∆. We
have two possible cases:
(i) d is not conjugate to any of the canonical reflections ofΛ,
(ii) d is conjugate to some of the canonical reflections ofΛ.
In the first case, Γσ = θ−1(〈σ 〉) has no reflections as any reflection ofΛ is conjugate to a canonical one. Therefore σ has
no ovals. In the second case, the signature of Γσ has κ (κ > 0) period cycles. As all canonical reflections ofΛ are conjugate
we obtain, by Theorem 3.1, that κ = [C(G˜, at) : θ(C(Λ, c0))]. Now t and at are conjugate; hence C(G˜, t) and C(G˜, at) have
the same order. But C(G˜, t) is just the isotropy group of ϕ in G˜whose order is obviously twice the order of the isotropy group
of ϕ in G. So it remains to find the order of θ(C(Λ, c0)). Let k′ = 2k. Then, using Lemma 3.2 and observing that the images
of generators of C(Λ, c0) in G˜ are elements of order 2, we obtain that θ(C(Λ, c0)) has order 4M , whereM is the order of
θ
(
(c0c1)k(c2c0)m(c1c2)l(c1c0)k(c2c1)l(c0c2)m
) = ak(ab)−mblakb−l(ab)m.
This completes the first part of the proof for k′ even.
Observe now that the symmetry without ovals exists if and only if there is an involution in G˜ \ G, which is not conjugate
to t . Such an element has the form xt for some x ∈ G. As (xt)2 = 1, we see that ϕ(x) = x−1. Finally it is easy to see that xt is
conjugate to t if and only if x∼ϕ 1. The case of k′ odd is similar and we omit it. 
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As another application of Theorem3.1we state,without proof, the following theorems. As above,X stands for a symmetric
Riemann surface of the first type corresponding to a group G generated by a pair (a, b) of elements of order k′ and l′ whose
product has orderm′.
Theorem 4.2. Let k′ = 2k, l′ = 2l and m′ = 2m. Then X has at most four types of symmetries: three, σ1, σ2, σ3, with ovals and
one, σ4, without ovals. A symmetry with ovals always exists, whilst σ4 exists if and only if there exists an element x ∈ G such that
ϕ(x) = x−1 and x is not ϕ-conjugate to 1, a±1, b±1.
Let M1, M2 and M3 be the orders of ak(ab)m, akbl and (ab)mbl. Let N1, N2 and N3 be the orders of the isotropy groups of ϕa, ϕ
and ϕb in G respectively. Then σ1 ∼ σ2, σ2 ∼ σ3, σ1 ∼ σ3 if and only if a∼ϕ 1, b∼ϕ 1, a∼ϕ b±1 respectively and
(a) if σ1, σ2 and σ3 are pairwise non-conjugate then σi has Ni/2Mi ovals for i = 1, 2, 3,
(b) if σ1, σ2 and σ3 are pairwise conjugate then σ1 has N1/2M1 + N2/2M2 + N3/2M3 ovals,
(c) if (u, v, w) is a permutation of (1, 2, 3), σu ∼ σv and σw is non-conjugate to σu then σu has Nu/2Mu + Nv/2Mv ovals and
σw has Nw/2Mw ovals. 
Theorem 4.3. Let k′ = 2k, l′ = 2l and m′ = 2m+ 1. Then X has at most three types of symmetries: two, σ1 and σ2, with ovals
and one, σ3, without ovals. Symmetries with ovals always exist; σ3 exists if and only if there exists an element x ∈ G such that
ϕ(x) = x−1 and x is not ϕ-conjugate to 1 or to a±1. Furthermore σ1 ∼ σ2 if and only if a∼ϕ 1 and
(a) if σ1 ∼ σ2 then σ1 has N1/2M1 + N2/2M2 ovals,
(b) if σ1 and σ2 are non-conjugate then σi has Ni/2Mi ovals for i = 1, 2, where N1, N2 are the orders of the isotropy groups of ϕ
and ϕa in G and M1, M2 are the orders of ak(ab)−mbl(ab)m and akbl, respectively. 
Finally we shall prove a theorem concerning surfaces with the second type of symmetry.
Theorem 4.4. Let X be a symmetric Riemann surface of the second type corresponding to a finite group G generated by two
elements a and b of order k whose product has order m. Then X has at most two types of symmetries: one without ovals and one
with N/M ovals, where N is the order of the isotropy group of ϕ in G and
M = 2 ∣∣((ab)m/2(ba)m/2)∣∣ or M = ∣∣((ab)(m+1)/2a)∣∣
if m is even or odd respectively. The symmetry with ovals always exists whilst the fixed-point free symmetry exists if and only if
there exists an element x ∈ G such that ϕ(x) = x−1 and x is not ϕ-conjugate to 1.
Proof. Let X = H/Γ . Then G = ∆/Γ , where∆ is a Fuchsian group with signature (0; k, k,m). By the proof of Theorem 3.4,
there exists an NEC groupΛwith signature (0;+; [k]; {(m)}) containing Γ and∆ as normal subgroups and by Remark 3.5,
Γ is the kernel of an epimorphism θ : Λ → G˜ = G o Z2 = 〈a, b〉 o 〈t〉 defined by θ(x) = a−1, θ(e) = a, θ(c0) = t ,
θ(c1) = t(ab)−1. Now c0 and c1 are conjugate in Λ and therefore up to conjugacy in G˜, X has the unique symmetry with
fixed points. In order to find the number of its ovals we have to find the number of empty period cycles in the signature
of Γ0 = θ−1(〈t〉) = 〈Γ , c0〉. By Theorem 3.1, the symmetry with fixed points has [(C(G˜, t)) : θ(C(Λ, c0))] ovals. Now the
order of (C(G˜, t)) is 2N , where N denotes the order of the isotropy group of ϕ in G. By Lemma 3.3, for m even, the order of
θ(C(Λ, c0)) is four times the order of (ab)m/2(ba)m/2 whilst for m odd, it is twice the order of (ab)(m+1)/2a. This completes
the proof of the first part.
In order to prove the second part observe that the symmetry without ovals exists if and only if there exists an element
of order 2 in G˜ \ G that is not a conjugate of t . Such an element is of the form xt for some x ∈ G. As (xt)2 = 1, we see that
ϕ(x) = x−1. Finally, xt is conjugate to t if and only if x∼ϕ 1; our theorem is proved. 
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